Motivated by a recent experiment by F. Meinert et al, arxiv:1608.08200, we study the dynamics of an impurity moving in the background of a harmonically trapped one-dimensional Bose gas in the hard-core limit. We show that due to the hidden "lattice" structure of background bosons, the impurity effectively feels a quasi-periodic potential via impurity-boson interactions that can drive the Bloch oscillation under an external force, even in the absence of real lattice potentials. Meanwhile, the inhomogeneous density of trapped bosons imposes an additional harmonic potential to the impurity, resulting in a similar oscillation dynamics but with a different period and amplitude. We show that the sign and strength of the impurity-boson coupling can significantly affect the above two potentials in determining the impurity dynamics.
I. INTRODUCTION
Bloch oscillation (BO) describes a striking quantum phenomenon, in which the motion of a particle under a periodic potential and an external force is oscillatory, rather than linear, as time evolves [1, 2] . It has been observed in semiconductor superlattices [3] and in cold atoms with optical lattices [4] [5] [6] [7] . Physically, this phenomenon is due to the Bragg scattering of the particle at the edge of the Brillouin zone, which is supported by the translational invariance of lattice potentials. It is then interesting to ask the question: is translational invariance necessary for the occurrence of BO? A recent experiment at Innsbruck [8] seems to suggest the answer no. In this experiment, oscillatory dynamics of an impurity interacting with hard-core bosons trapped in one dimension have been observed, in the absence of any periodic confinements. In Ref. [8] and earlier theories [9] [10] [11] , this phenomenon was attributed to the Bragg scattering with bosons at the edge of an emergent Brillouin zone, which causes the impurity momentum to change by twice the Fermi momentum of bosons with no energy cost.
In this work, we give an alternative interpretation of the oscillation dynamics observed in Ref. [8] , by adopting the concept of effective spin chain in strongly interacting atomic gases in one dimensional (1D) traps [12] [13] [14] [15] [16] . The idea of spin chain is based on the fact that for fermionized (or impenetrable) particles in one dimension, their spatial order is fixed, and the probability peak of finding the i-th ordered particle (see ρ i (x) in Fig. 1 ) is well separated from those of the neighboring ordered particles. Therefore an underlying "lattice" chain is automatically formed by mapping the order index to the corresponding * xlcui@iphy.ac.cn
FIG. 1. (Color online)
. Schematic plot of the "lattice" potential, V (x) = g ib i ρi(x), for an impurity moving in the background of N hard-core bosons. ρi(x) (i = 1, 2...N ) is the density distribution of the i-th ordered boson in the trap, and g ib is the impurity-boson coupling strength. In the plot we take N = 10 and g ib < 0. a ho is the typical length of the harmonic confinement. The dashed line shows the deviation of V (x) from ideal lattice potential due to the density inhomogeneity of bosons in a harmonic trap.
site index [16] . In this way, various spin-chain Hamiltonians can be constructed in response to different external perturbations, including interactions, gauge fields and trapping potentials, which have been used to address and engineer novel spin spirals and magnetic orders in 1D systems [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Experimentally, an anti-ferromagnetic spin chain has been recently confirmed in a small cluster of 1D trapped fermions [25] . Now we apply the idea of spin chain to the Innsbruck experiment [8] . Note that the "spin chain" here refers to the ordered (hardcore) bosons in the coordinate space. As the impurity-boson interaction can be converted to the impurity interacting with all the ordered particles arXiv:1701.07581v2 [cond-mat.quant-gas] 21 Apr 2017 (see Fig. 1 ), it then becomes clear that the impurity should effectively feel a "lattice" potential originating from the "lattice" structure of ordered bosons. Such a "lattice" potential is quasi-periodic, with the lattice spacing approximately the inter-particle distance of bosons and the lattice depth proportional to the impurity-boson coupling strength. This lattice potential then gives rise to the BO of impurity under an external force. This picture, compared to that in Ref. [8] , provides more information on the role of impurity-boson interaction in the impurity dynamics, as we will elaborate in this paper.
In this work, we will also consider another factor which influences the impurity dynamics, i.e., the external confinement of bosons. Such a confining potential gives rise to an inhomogeneous boson density distribution, which leads to an additional potential for the impurity via the impurity-boson interactions. In fact, it is such a harmonic confinement that breaks the translational invariance of the whole system, while its effect on the impurity dynamics has not been considered in previous studies [8] [9] [10] [11] . Here we explicitly relate the two effective potentials, i.e., the periodic and the harmonic ones, to the coupling strength between the impurity and bosons. We show that the period and amplitude of the impurity dynamics sensitively depend on the sign and strength of the impurityboson coupling. Our results offer insights into the impurity dynamics under a general class of background systems as long as they are fermionized.
The rest of the paper is organized as follows. In section II, we set up the basic model for the impurity moving in the background of hardcore bosons. Based on the model, we study the impurity dynamics under an external force in section III. Section IV is contributed to the discussion and summary of our results.
II. MODEL
We start from the Hamiltonian of the system following the setup in Ref. [8] ( = 1 throughout the paper):
(1) Here x and x i=1,2...N are respectively the coordinates of impurity and N bosons; g ib is the impurity-boson coupling strength; F is the external force acting on the impurity starting from time t = 0 + ; H b is the Hamiltonian for the hard-core bosons:
(2) In the limit g bb → ∞, the ground state of bosons can be written as Ψ b (x 1 , ..., x N ) = |φ F (x 1 , ..., x N )|, where φ F is the Slater determinant describing N identical fermions occupying the lowest N levels of an 1D harmonic oscillator. As the spatial order of impenetrable particles is fixed, one can write down the probability density of finding the i-th ordered particle at x, named as ρ i (x), to be
It has been shown that each ρ i (x) is well separated and follows a Gaussian distribution centered atx i = dxxρ i (x) and with a width σ i [16] :
By mapping the order index to site index, one can consider each ordered particle as localized in the corresponding lattice site with a finite distribution width. Following this idea one can construct various spin chain models as studied in the literature [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] .
Assuming that the impurity-boson interaction is weak enough compared to the Fermi energy of the hard-core bosons, i.e., g ib /d
E F = N ω ho (d is inter-particle distance of bosons), the ground-state profile of bosons will not be significantly changed by the impurity. In this case, we can write down an effective potential for the impurity due to impurity-boson interaction:
Therefore the "lattice" structure of ρ i (x) is naturally transferred to a "lattice" potential on the impurity. The resulting Hamiltonian for the impurity is
In the ideal situation when ρ i (x) (Eq.4) is equally distributed with the same width, i.e.,x i+1 −x i ≡ d, σ i ≡ σ, V reduces to the ideal lattice potential V L for large N :
which is translationally invariant and can support BO dynamics of the impurity under an external force. Remarkably, here the "lattice" is induced by the finite impurityboson coupling g ib , and therefore the property of BO is highly tunable by g ib . This is the unique aspect of such an interaction-induced BO.
Meanwhile, it should be noted that one essential deviation between V L and actual V is because of the inhomogeneity of boson density in a trap. In particular, the height of ρ i changes with index i, which decays gradually from the trap center to the edge. This generates an additional potential V (x) on top of V L , as shown by dashed line in Fig. 1 . V can be estimated through the local density approximation (LDA), and for small x it is
here R = (2N ) 1/2 a ho (a ho = 1/ √ mω ho ) is the Thomas radius of hardcore bosons under LDA. Eq. 8 shows that V is simply a harmonic potential with the frequency scaling with |g ib | 1/2 . A subtle case is that when g ib is repulsive and V is concave, one would have to impose another harmonic potential to host the impurity initially at the trap center. We will discuss this case later. Now we can approximate V (Eq. 5) as the sum of a lattice potential V L (Eq.7) and a harmonic one V (Eq.8). Such an approximation is expected to work well for the impurity dynamics near the center of the trap, but not near the edges where the assumption of uniform Gaussian distribution in V L breaks down. The individual effect of V L and V to the impurity dynamics is analyzed as follows. V L induces BO with the period 2π/(F d) and an amplitude proportional to the band width, which is a decreasing function of |g ib |; V also induces a periodic dynamics due to the linear interference between different harmonic levels, and the resulting period and amplitude of the oscillation all depend on ω or g ib (see Eq.8). So under the combined effects of V L and V , the impurity is expected to undergo oscillatory dynamics with properties crucially relying on the coupling g ib .
III. RESULTS
In our numerical simulation of the impurity dynamics under H imp (Eq.6), we have chosen the initial state as the ground state of H imp without external force (F = 0). We then turn on a finite F at time t = 0 + and solve the time-dependent Schrödinger equation i ∂ψ ∂t = H imp ψ, with ψ the impurity wave function. In the simulation, we have discretized the coordinate space in a sufficiently large region (with the size much larger than the Thomas radius R) in order to numerically solve the ground state and the dynamics. Here we define the dimensionless parametersg ib ≡ g ib /(ω ho a ho ), andF ≡ F a ho /ω ho . In Fig. 2 , we plot the time evolution of the mean displacement x ≡ ψ|x|ψ and the mean momentum k ≡ ψ| − i ∂ ∂x |ψ for the impurity moving in the background of N = 10 bosons, takingg ib = −2 andF = 0.05 for instance. In this case, the resulting ω = 0.37ω ho according to Eq. 8. As expected, both x and k oscillate periodically in time t, and the exact results (by simulating Eq. 6) can be fitted quantitatively well by replacing the potential (V ) with the sum of lattice and harmonic potentials (V L + V ).
In Fig. 3 , we present the impurity momentum distribution, n(k) ≡ dxe ik(x−x ) ψ * (x)ψ(x ), in the parameter plane of momentum k and time t. In general, the behavior of n(k) will depend on the strengths of impurity-boson coupling g ib and external force F . To see the effect of the external force, we choose a smallF = 0.05 in Fig. 3(a) and a larger oneF = 0.3 in Fig. 3(b) . We see that the sharp Bragg reflection, as has been discussed in Ref. [8] , is more visible for largerF (Fig. 3(b) ). As the harmonic potential V can only give rise to a periodic oscillation of n(k), such a reflection can only be attributed to the effect of the underlying periodic potential V L , or the hidden "lattice" structure of hardcore bosons. Nevertheless, here we would like to point out that a sharp reflection of momentum in n(k) can be a sufficient condition, but not a necessary condition, for the BO dynamics under the periodic potential. As observed earlier in the optical lattice experiment [4] , such a reflection in n(k) is only visible for shallow lattices, but not for deep ones. This is because for deep lattices, each crystal momentum state is the superposition of many plane-wave states, and the time evolution of these (plane-wave) momenta will all contribute to n(k). This will result in a perfect periodic oscillation of n(k) as shown in Ref. [4] .
To see clearly the role of g ib in the dynamics, we extract the period T x (T k ) and amplitude A x (A k ) for x ( k ) and plot them as functions of g ib in Fig. 4(g ib < 0) and Fig. 4(g ib > 0 ). Again we see that the results from periodic and harmonic potentials (V L + V ) fit well with exact results from the total potential (V ). For the attractive g ib case in Fig. 4 , we see that all the periods (T x , T k ) and amplitudes (A x , A k ) decrease as |g ib |. This can be attributed to the two effects generated by increasing |g ib |. First, it will deepen the lattice depth of V L and produce a narrower band width, which reduces the amplitudes A x and A k . Second, it will produce a tighter confinement V (see Eq. 8), which further reduces A x and A k as well as T x and T k . In fact, as |g ib | becomes larger, the effect of V will dominate and the dynamics essentially follow the harmonic prediction (red-dotted lines in Fig. 3 ).
For repulsive g ib , as discussed before, one has to impose another harmonic potential, V (x) = 1 2 mω 2 x 2 , to compensate for the effect of concave potential V (Eq. 8) and host the impurity initially at trap center ( x t=0 = 0). In order to highlight the role of V L in the dynamics, we have chosen ω just a bit larger than ω , i.e., ω = ω +0.2ω ho , and the results are shown in Fig. 5 . We see that as g ib increases, A x , A k and T x , T k all decrease. Similar to g ib < 0 case, this can be attributed to the narrower band width produced by larger g ib (and thus deeper V L ), as well as the combined effects of V L and residue harmonic potential V + V .
Actually, by expanding H imp (Eq.6) in terms of the lowest-band Wannier functions that are supported by V L , we can write down an effective lattice model for the impurity:
here V h i and F i are respectively the on-site potential generated by the total harmonic confinement (sum of V and V ) and the force F x; the hopping is
Note that the lattice model (9) is valid under the adiabaticity condition [4] , which requires F d E gap (E gap is the band gap) to ensure the dynamics within the lowest band. Apparently this condition is satisfied for large |g ib | (and thus large band gap). We have checked that it is not satisfied by for the range of g ib considered in Fig. 4 and Fig. 5 , where the higher band effects should play essential roles in determining the dynamics.
IV. DISCUSSION AND SUMMARY
Our results offer a number of insights into the oscillatory impurity dynamics in Ref. [8] . First, such dynamics is purely induced by the impurity-boson interaction g ib . Increasing |g ib | will generally lead to faster oscillatory dynamics with smaller amplitudes, which is qualitatively consistent with what was observed in Ref. [8] . Second, both the induced "lattice" potential (due to the "lattice" structure of bosons) and the harmonic confinement (due to inhomogeneous boson density) play important roles in the resulting dynamics. Their individual effects can be examined by tuning g ib (repulsive or attractive) or applying additional confinements on the impurity. Third, the impurity dynamics does not rely on the statistics of the background system, but rather on the fact that the system is fermionized. Physically, this is because any fermionized system has the same density profile, regardless of whether it is composed of bosons, fermions or boson-fermion mixtures. Fermionized backgrounds thus affect the impurity similarly via density-density interactions.
It is worthwhile to point out that the periodic dynamics in this work is related to the assumption of unaffected boson profile. Once the coupling g ib is strong enough to invalidate this assumption, the boson excitation should be taken into account, which is expected to bring more modes into the dynamics and cause damping, as observed in the Innsbruck experiment [8] . The study of dynamics in this regime is beyond the scope of the present work.
In summary, we have demonstrated the interactioninduced oscillatory dynamics of an impurity moving in the background of an 1D trapped hard-core bosons. Because of the hidden "lattice" structure of bosons, the impurity dynamics essentially mimics the BO in conventional lattices, despite the lack of lattice translational invariance. Moreover, we also point out that the inhomogeneous density of trapped bosons provides another harmonic potential that can strongly affect the dynamics. These results provide a new perspective on the recent observation in the Innsbruck experiment [8] .
